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Abstract. In this paper, we show that massless Dirac waves in the Schwarzschild 
geometry decay to zero at a rate t~ 2X , where A = 1, 2, ■ ■ • is the angular momentum. Our 
technique is to use Chandrasekhar's separation of variables whereby the Dirac equations 
split into two sets of wave equations. For the first set, we show that the wave decays 
as t~ 2X . For the second set, in general, the solutions tend to some explicit profile at 
the rate t~ 2X . The decay rate of solutions of Dirac equations is achieved by showing 
that the coefficient of the explicit profile is exactly zero. The key ingredients in the 
proof of the decay rate of solutions for the first set of wave equations are an energy 
estimate used to show the absence of bound states and zero energy resonance and the 
analysis of the spectral representation of the solutions. The proof of asymptotic behavior 
for the solutions of the second set of wave equations relies on careful analysis of the 
Green's functions for time independent Schrbdinger equations associated with these wave 
equations. 

1. Introduction and Main Results 
The vacuum Einstein equations 

Rij = (1.1) 

describe the evolution of spacetime with no sources, where is the Ricci tensor of the 
Lorentzian metric gij. The Schwarzschild solution of the Einstein equations describes the 
geometry in the exterior of a static and spherically symmetric black hole (cf. [IS])- It can 
be written as 

2M\ , „ dr 2 „. . „ n , 9x 

\dt 2 2M - r ( dd + sin dd( P )' 

^ J r 

where the coordinates (t, r, 6, (p) are in the range 

— oo < t < oo, 2M < r < oo, < 9 < ir, < y? < 2n. 



The stability of black holes is an important problem both mathematically and physi- 
cally. A first step is to understand the linearized problem. The study of linear stability of 
scalar waves in the Schwarzschild geometry was initiated by Regge and Wheeler in 
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where the mode stability for metric perturbations was discussed. The decay of the solution 
was proved in [2E]- Another approach uses the spherical symmetry in order to produce 
an expansion into spherical modes, and to study the corresponding ordinary differential 
equations. This was pursued by Kronthaler in [20| |2T] , who was able to establish a decay 
rate in the spherical symmetric case. Another analysis was carried out later in [131 112] for 
all spherical modes; they proved a £~( 2Z + 2 ) local decay where I = 1, 2, • • • is the angular 
momentum and improved the decay rate to t~ 3 in the case 1 = 0. The decay rate for 
solutions with general initial data was achieved in [TUl [2U EH] ; see also El HJ [fl [221 IE] 
for related results. 

It is also of interest to study the linearized problem incorporating various physical 
fields in the external region of a black hole, for example, the radiation of gravitational, 
electromagnetic, and Dirac waves. The L^ c decay for massive Dirac particles in Kerr- 
Newman geometry was proved in [16] . Based on the spectral representation of the 
solutions for the Dirac equations in Kerr geometry, the exact decay rate for massive 
particles with bounded angular momentum was obtained in |15j . For electromagnetic and 
gravitational radiation (corresponding to spin s = 1 and s = 2), numerical studies were 
given in [26J. In [29], a rigorous proof of mode stability was obtained for the Teukolsky 
equation in the Kerr geometry. Recently, in [17], Finster and Smoller obtained decay 
in L^ c for the Teukolsky equation for spin s = 1/2, 1 and 2 (corresponding to Dirac 
equations, Maxwell equations, gravitational perturbations) in the Schwarzschild geometry. 
The decay of Maxwell's equations in the Schwarzschild geometry was studied in [5] . In this 
paper, we consider massless Dirac waves in the Schwarzschild geometry, and we prove that 
the solutions decay to zero at a rate t~ 2X where A = 1, 2, • ■ ■ is the angular momentum. 

Introducing the Regge- Wheeler coordinate 



x 



r + 2Mln(r-2M) -3M-2MlnM, 



the massless Dirac equations in the Schwarzschild geometry (cf. [7J) can be 
Hamiltonian form as 
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The remarkable feature of these equations is their separability. If we set 

= R-(t, x)Y_{9, <p),V 2 = R+(t, x)Y + (9, <p), 
*3 = R+{t, x)Y_{9, <p),* 4 = R-(t, x)Y + {9, <f), 
then Y_(9, tp) and Y + (6, tp) satisfy the pair of equations 



d cot i 
d9 + ~T 



. 1 d 

i 

sin 9 dp 
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r_ = xy. 
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and thus Y + and Y"_ are spin weighted spherical harmonics —x/^Yjm and _i/2^m, respec- 
tively, where j 
form 



I 3 

2' 2' 



see [18j[27]. Furthermore, the eigenvalues A in fll.5p are of the 



A=j + - = 1,2,3, 



The radial functions R_ and R + solve the following first order equations depending on A 

(1.6) 



' d + d )R — a n 



-X-^-z-R- ,a- 



The main purpose of this paper is to study the Cauchy problem for (11.61) with initial data 

i?_, A (0, x) = g-, x (x), R+, x (0, x) = g +jX (x) (1.7) 

Our main result, namely t~ 2X decay rate of solutions for Dirac equations, is stated as 
follows. 

Theorem 1.1. As t — > oo, any solution R± t \ of the problem U.6]) and ([J.7| ) ; satisfies 



(•)- 3A -^ ±) A(t,-)|kc 



< ct 



-2X 



o 3A+1 e( 

i=0 ^ 



d?g 



dx % 



+ 



<fg-, 



dx l 



(•) 



1. 



where we always denote (x) = (1 + Ix) 2 ) 1 / 2 . 

We first give the main idea for the proof of Theorem ll.il Inspired by [7], we introduce 

Z+,x = R-,x + R+,x, = R-,x — R+,x- 

Then Z± x satisfies 

— tt^ n 9 — —v±\Zi±\, i-"-- y ; 

at z ox 1 

where 



ox 



A 



A I + ^A 2 . 



Furthermore, (jl.6p and (jl.7p give the initial data for Z± ;X as 



d t Z ±)X {0, 



x Va d_ 

r 2 dx 



(g-,x =f g+,x) 
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We have the following theorems on the solutions of the problem (11 .9p with initial data 
Z±, A (0, x) = u ±>x (x), d t Z ± , x (0, x) = v ±jX (x). (1.12) 



Theorem 1.2. The solution Z +x of the problem U.9\) and M.12\) satisfies for any integer 
a in the range 1 < a. < 2 A + 1, 



L°°( 



< ct 



-a+1 II / \ a+\ 



(•r +A (KA| + K + , A | + K,A|)(- 



If X = 1, then we have the improved estimate 



<cr 3 ||(.) 5 (k + ,i| + k' 1 | + k + ,i|)(- 



We also have the following asymptotic behavior for Z_ x . 
Theorem 1.3. As t — > oo, the solution Z^ x of the problem U.9\) and U.lty) satisfies 

\\(r 3X -\z_ >x (t,.)- 



,A,1 • L- 



<ct 



-2A 



where 



3A+1 



AM 



,i=0 



d v u- 



dx l 
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-a r -r 



dx 



and D 



0_ i A,i(x)u_ )A (x)dx. 
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Theorem 11.11 is a direct consequence of Theorems 11.21 and 11.31 Indeed, when the initial 
data for Z_ tX has the special form (11.111) . the coefficient D in Theorem 11.31 vanishes . This 
is illustrated by the following straightforward computation, 



D 



r 



A d 

2 (g+,\ + 9-,x) ~ q^(9-,x + 9+,x) J <f>-,\,idx 



VA d , 

~ + dx~ ' ^-Ai(9+,a + ^-,a)^ 



1.15) 



=0, 

where we use (^-^ + 0-,a,i = 0. Thus we need only prove Theorems 11.21 and II .31 

Before proving these theorems, we make some remarks and outline the proof. We 
represent the solutions of (11.91) and ( 11.121) in terms of spectral measures of the associated 
Schrodinger operators 

d 2 



Jtf±,\Z 



dx 2 



Z + V ±<x (x)Z. 



(1.16) 
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Since these spectral measures can be written explicitly in terms of Green's functions of 
the Schrodinger equation 



where a 2 is called the energy of solutions of the equation (11.171) . a key part of the paper 
is to study the Green's function of (11.1 Tp . 

Remark 1.1. The proof of Theorem is inspired by [131 112] • The key ingredient is to 
justify the absence of negative eigenvalues of J#+ t \ and bounded zero energy solutions for 
This is achieved by an energy estimate combined with the asymptotic behavior of 
zero energy solutions. 

Remark 1.2. The asymptotic profile for solutions of Z + ^\ is the bounded zero energy 
solution for This is the key difference from this paper and [T31 12] in both analytic 

and phenomenological aspects. The perturbative solution for small energies constructed in 
§0 gives the explicit representation of Green's function. 

Remark 1.3. For massless Dirac equations, the key observation is that the coefficient in 
front of the asymptotic profile ( cf. (I1.15P ) is exactly zero. Thus the solutions decay at a 
rate t~ 2X . 

The organization of the paper is as follows. In §21 we give some preliminaries about 
the potentials V± and the spectra of the Schrodinger operators (1 1 . 1 6 j) for which there 
are no negative eigenvalues. The zero energy solutions of the Schrodinger operators are 
investigated in §31 where we construct a bounded zero energy solution for and show 
the absence of bounded zero energy solution for Jrf? +t \ using an energy estimate. In §U 
we give a representation of the solution in terms of spectral measures and prove Theorem 
11.21 using some techniques in [131 112] ■ In $3 we review some basic properties of Jost 
solutions and Green's functions for equation (11.171) . which are used in the representation 
of solutions. £0 is devoted to the construction of small energy solutions (i.e., solutions 
of equation (I1.17P with small |er|) in different spatial regions. The representation of Jost 
solutions by the solutions constructed in §6] is given in §71 In SjSJ we first compute the 
Green's function explicitly and then prove the asymptotic behavior of solutions of the 
wave equations with potential V- t \. In the appendix, three lemmas on the existence and 
derivatives of solutions for Volterra integral equations are included for the convenience. 

Notation: For a given function /, we denote by 0(f(x)) (respectively Oc (/(#))) 
a real (respectively complex) function that satisfies \0(f(x))\ < C\f(x)\ (respectively 
\Oc(f( x ))\ — C\f(x)\) for some constant C in a specified range of x which will be clear 
from the context. As in [13], we say that 0(x 7 ), 7 e 1, is of symbol type, if ^jrO(x 7 ) = 



J4?± t \Z = o~ 2 Z, 




0(x 7 k ) for any fc£N = {0} U N. We denote generic constant by C, which may change 
throughout the paper. 

2. Preliminaries 

We begin with the following lemma on relations between Regge- Wheeler coordinate 
and spherical coordinate, whose proof is straightfoward. 

Lemma 2.1. The function x i— >■ r(x) which is the inverse function for x(r) defined in 
(ll.2p . has the asymptotic behavior r(x) = x(l + 0(x~ 1+£ )) as x — >■ oo for any e G (0, 1) 
and r(x) = 2M + M^/ee x ^ 2M ^ + 0(e x ' M ) as x — )■ — oo, where the O — terms are of symbol 
type. 



Using Lemma 12.11 we have the following results on the asymptotic behavior of V± at 
±oo. 

Proposition 2.2. The asymptotic behavior ofV±,\ is given by 



V+\ = 0( V ^^ e 1/i e i M ), as x -> -oo, 
' V 16M 3 ; ' 

^4,a= A(A T 1} (l + Q(a:- 1+£ )), aso^oo, 



(2.1) 



x 2 



where the O— terms are of the symbol type. In addition, we have 



M 



\/ +il = -^(l + 0(aT 1+£ )), (2.2) 



x 



where the O—term is of the symbol type. 

Proof: By straightforward computations, one has 



V±,x = ± [ - ^^A + -A 2 . (2.3) 



Using Lemma 12. 1[ for x — > — oo, we have 

V 4 (2M) 4 16M 3 



A(3M -r) v / A + A 2 A \M\f2M\fMe x l 4 e^ V2X lM 
V+ X =— — ~ ; ~ -e ' e«'. 



For x — > oo, one has 

-x 2 (l + 0(x- l+e )) . AV(l + 0(ar 1+£ )) 

v+,a ~ 2 A H - 

X 4 x q 



J-^-^(l + 0(x-^))- 

X A 

Similarly, we can get the asymptotic behavior for VI 



For (12. 2p . we use (I2.3P to obtain as r — )• oo 
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(2.4) 



^3 \ 



Then the asymptotic behavior ( 12. 2ft follows from Lemma 12.11 . □ 

It is easy to see that M± t \, defined by f 1 1 . 1 6 [) . is a self adjoint operator on L 2 (M) with 
domain H 2 (M>). Proposition 12.21 shows that J4f± t \ is a compact perturbation of the self- 
adjoint operator —A. It follows from Weyl's theorem [25] that the essential spectrum of 
M±,\ is continuous and equals the absolute continuous spectrum, 

CTess(^±,x) = Vac(J?±,x) = [0, Oo). (2.5) 

For the potential V+ t \, we have the following lemma. 
Lemma 2.3. If X EN, then V + , x > for r E (2M, oo). 

Proof: It is easy to see from Q that V+, x > if r E (2M, 3M). Set q(r) = ®4=£, then 
V+,x = y ■ A direct computation gives 

Af(^-r) 



dr A 3 / 2 ' 

Hence ^ < when r > 3 y^. Therefore, for r > we have 

q(r) > lim q(r) = — 1. 

r— >oo 

This implies that V + , A > if A > 1. □ 

The following lemma proves the absence of eigenvalues for J£±,\. 
Lemma 2.4. Jtf± t \ has no eigenvalues. 

Proof: That J%+,\ has no eigenvalues is a consequence of ( 12.51) and Lemma 12.31 
Let Z_ be an eigenfunction of J4?L t \ associated with an eigenvalue a < 0. That is, 

J?L x Z_ = aZ_. (2.6) 
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Set Z = X 2y ^Z^ + XZ'_. First, we claim that Z is not zero. If Z = 0, then Z_ = 
Ce~^ x ~^~ dx . By the direct computations, Jf?^ \Z_ = 0. Thus 

^_ iA Z_ - (xZ_ = -aZ_ ^ 0. 

This contradicts (I2.6p . Thus Z is not zero. Furthermore, a straightforward computation 
shows that 

^, A Z = oZ. (2.7) 

Hence Z is an eigenfunction of ^+,a corresponding to a negative eigenvalue ex. This contra- 
dicts the assertion that Jff+^x has no negative eigenvalue. Thus ^^ 5 a has no eigenvalues. □ 



3. Zero Energy Solutions 

3.1. Zero Energy Solutions for ffl-^x- In this subsection, we investigate solutions of 
the equation <¥?-^\Z = 0. 
Let 

f X 1 * — A f x ^^dx 

0- a,o(z) = 4>-, A,i(aO / — and 0_ A(1 (x) = e J — T^f x . ( 3 _-q 

First, we have the following lemma on the properties of <f>-,\i (i = 0, 1). 

Lemma 3.1. 0-,a,o an d 0-,a,i have the following properties. 

(1) ML,x4>-,x,i = for i = 0, 1. 

(2) Q = 0'_ A0 (0) positive and we can choose x Q £ (0, 1) such that 

< 0' A ,oO) < 2( 5o, »/ - < x < x . (3.2) 



Qo 



Moreover, 0_ AiO (x) > /or x > and 0_,a,o < /or x < 0. 

(3) 0-,a,i (2 — 0, 1 j /jane the asymptotic behavior 

t-*o(x)= * x A+1 (l + 0(x- 1+£ )), 

(2A + 1)£ (3.3) 

^,A,i(^) = 5 x- A (l + O(x- 1+e )), 
for x > x for some positive constant B > and any e £ (0, 1) and 

0_, A , o (x) = x(l + ^ + 0(e*)), 0_ iA)1 (a;) = 1 + 0(e*/^), (3.4) 

/or some constant B\ < /or x < — xo, where the O— terms are of the symbol type. 

(4) Furthermore, the Wronskian o/0_ 5 a,o ond 4>-,x,x satisfies 

W(4>-,x,o, 0-,a,i) = 0- a,o(z)</>' a,!^) ~ ^-,A,o( a; )i,A,i( a: ) = -!■ (3-5) 



Proof: It is easy to check (1), (2) and (4) by straightforward computations. We need 
only prove (3). 

It follows from Lemma 12.11 that r — > 2M and A = 0(e^r) as x — > — oo. Thus for 
x — > — oo, 



-,\,i( x ) = e A ^-°° ~^~ dx = 1 + 0(e4M) a nd (f)'_ xi (x) = e 
For x oo, it follows from Lemma [2.11 that 
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(l + 0(x~ 1+£ )) ( 1- 
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x{\ + 0(x- 1+e )) 



1 
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-2+e\ 



Therefore, 



- -)dx 



< oo and 



^ = 0{x- l+e ) 



x 



for x — > oo. Thus we have 



— —dx = / — —dx + / ( — - )dx + / -dx 

-oo r J-oc r 1 J x r 2 x J x x 



dx + 
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)cfe + / — dx — 

x J t x 



y/A 1 



Let Bq = e J -°° Jl K ^ x ' . inen as a; — > oo 



\7a_ l - 



)dx. 



(3.6) 



(3.7) 



M (x) = B e 



-\\nx+0(x- 1+£ ) 



B x-\l + O(x- 1+£ )) 



From (13.11) . we have 



i , i 

dy + . 



(3.8) 



^— - 1. Then 



This shows that for x — > — oo, 4>L t x,o( x ) = 1 + O(esAf). Define x(x) = 
< x,{x) < Ce43i for x £ R. For the asymptotic behavior of 0_,a,o> we have the following 
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estimate 



px -y r-x 

,A,o(z) =4>-*,i(x) / ^ —dy = (l + 0(eTM)) l + v(y)dy 

J o <r-,\,i(V) J o 

/ r — oo px 

=(l + 0(e*)) U + / t(y)dy + x{y)dy 



= (1 + O(e^)) (a; + Si + 0(e^)) 

=x(l H h 0(e*&)), 

x 

where we denote B\ = — J ^ x(y)dy < 0. This finishes the proof of the asymptotic be- 
havior of 0_ a o- 1=1 



3.2. Zero Energy Solutions for J£+ t \. In this subsection, we study solutions of the 
equation J$? +i \Z = 0. The main goal is to prove the absence of bounded solution for 
J?+,\Z = 0. 

Lemma 3.2. There exist smooth functions 4>+xi satisfying Jtf+^+^i = for i — 0, 1, 
with the asymptotic behavior 

hM*) = ^T 3 ^ 1 + °( x ~ 1+£ ))> = x l -\l + 0(x~ 1+£ )), (3.9) 

as x — )■ oo ; for any e e (0, 1), where the O— terms are of symbol type. Furthermore, 0-,a,o 
and 0-,a,i satisfy 

W((f) + ,x,o, 0+,a,i) = 0+,A,o(a;)0+,A,i( a; ) - (f ) '+,x,o( x ) ( t ) +,\i( x ) = - 1 - 
In addition, if X = I, then 

0' +jAil (x) = -^x- 2 (l + O(x- 1+£ )). (3.10) 

Proof: The proof relies on the study on the integral equation for +> a,i/^ 1_a . The 
property of V + ^\ obtained in Proposition 12.21 makes the proof for (I3.9P similar to that for 
[T3"| Lemma 4.1]. 

Now let's prove (I3.10p . Indeed, if 4> +) \ t i(x) is a solution of J£+,\Z = 0, then +i a,i(x) 
satisfies the integral equation 

poo 

4>+,x,i(x) = 1 + / (y - x)V +>1 {y)4>+,x,i{y)dy (3-H) 
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Therefore, (Q and igM) give 

/"OO 

^+,a,i( x ) = / v+M4>+,\i(.v) d v 

(3.12) 

Mr" 2 

-My" 3 (l + 0(y- 1+ c))dy = — (1 + 0(aT 1+£ )). 

This proves (I3.10p . □ 

For solutions of Jtf+,\Z = as x — > — oo, we have 

Lemma 3.3. There exist smooth functions V>+,A,i satisfying J^ +) \ip +t x,i — for i = 0, 1 
with the asymptotic behavior 

^ M0 (s)=a;(l+O(ew)) 1 = 1 + O(es), (3.13) 

as x —7- — oo witt O— terms of symbol type. Furthermore, the Wronskian of V>+,a,o ond 
-0+,A,i is W(i3 +i x,o,i>+,x,i) = -1- 

Proof: For x < —1, if p +t x,o an d ^+,a,i satisfy the Volterra integral equations 

p+,\,o( x ) = - J {~^~y S j V +M0- + P+,\o(y)) d y 

and 

tp+,x,i{x) = 1 - / (y - x)V +jX {y)i>+,\,i{y)dy, 



then -0 +iA)O (a;) = x(l+p + ^ (x)) and , 0+ i a,i are solutions of the equation J#+ t \Z = 0. Note 
that for a < — 1 



sup 



!r y ) y+M 



< Ce»M . 



x 

then applying Lemma IA.ll (in Appendix A) yields 

\p+,x,o(x)\ < Cew. 

Using Lemma \A.2\ we get the asymptotic behavior of ip+ t x,o m fl3.13[) . Similarly, we can 
show the asymptotic behavior of i/j+,x,i hi (13. 13[) . 

As x —>• — oo, we have 

V>+,a,oV4,a,i - ^+,a,o^+,a,i -> - 1 - 
Since the Wronskian is a constant, we have W(tp +t x,o,'^+,x,i) = — L 1=1 



Lemma 13.31 yields the following proposition 
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Proposition 3.4. The solutions <p+,\,i for i = 0, 1, can be uniquely extended to R and 
we have (f) +t \ 7 i(x) = 0(x) as x — >■ — oo ; where the O—term is of symbol type. 

Proof: Since <f>+ \,i (i = 0, 1) are solutions of a linear ODE with regular coefficients, we 
can extend the solution to the entire real line. As x — > — oo, using Lemma T3.31 there exist 
constants such that 



Then Lemma 13.31 implies the proposition. □ 

The important consequence of Lemmas 13.21 and 13.31 is the following: 

Lemma 3.5. Any bounded solution of Jtf+^Z = on R must be zero. 

Proof: We prove the lemma by contradiction. 

Suppose that Z is a nonzero bounded solution for Jflf+^Z = 0. It follows from Lemma 
13.31 that Z(x) — > C\ for some constant C\ and Z'(x) — > as x — » — oo. Furthermore, if 
A > 2, then Lemma [3.21 implies that Z(x) — >■ and Z'(x) — > as x — > oo; if A = 1, then 
Z(x) — > C 2 for some constant C 2 and Z'[x) — > 0. Multiplying the equation J^+^Z = 
by Z and integrating over R yield 

= f {-Z" + V +iX Z)Zdx = -ZZ'\™ + [ (\Z'\ 2 + V + +Z 2 )dx. 
Jr 00 Jr 

Using the asymptotic behavior of Z at ±oo gives 

(\Z'\ 2 + V+, x Z 2 )dx = 0. 
Since V +i a > for x e R, we conclude that Z = 0. □ 

4. Representation of the Solutions and Proof of Theorem 11.21 

Since o~(Jtf± t \) = o- ac (J%±x) = (0, oo), the solution of the problem ( 11. 9p and f l 1 . 1 2 j) can 
be written as 

Z±,x(t) = cos(t/^> ± , A + Sm ^)^^ v ±iX , (4.1) 

where 

2 f°° f 

cos(t\/ ' M± \)u± \ = / / a cos(ta)lm[G± x(x, x\ a)]u± x(x')dx'da (4.2) 

TT Jo Jr 

and 

sin(t \/ \%f± x) 2 /" 

j=^— v±,a = / / sin(to-)Im[G ±iA (x,x / ,cr)]t; ±iA (a; / )rfa; / ^ (4-3) 
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and G± ) \(x, x', a) is the Green's function of the equation M± \Z = a 2 Z, see [13]. 
If A > 1, then using Lemma 13751 and the techniques in [T3] for 1 < a < 2A + 1 gives 



i=0 



In case of A = 1, since V +! i satisfies (12. 2p . then one can use Lemma 13751 and [121 Theorem 
1.1] to obtain 



! , (Fit-! 



iio^+,A(«r)ii^w^^iio 6 (Ei-^i + i w +.Ai)(oii^( 

i=Q 

This proves Theorem 11.21 □ 



5. Basic Properties of Jost Solutions and Green's Function 
In this section, we discuss the Jost solutions and Green's function for the equation 

jr_ A = <7 2 0- (5.1) 

5.1. Existence of the Jost Solutions. Recall that the Jost solutions fxi'i a ) are defined 
by ML^fx = cr 2 /^(-, a) with the asymptotic behavior fx(x, a) ~ e ± l(TX as x _ >. ±oo. We 
begin with the following lemma on the existence of Jost solutions for any a G C + \{0} 
where C + = {a G C : Ima > 0}, whose proof is similar to [T3| Lemma 3.1]. 

Lemma 5.1. For every a G C + \{0} there exist smooth functions fx(-,o~) satisfying (15. ip 
and fx(x,a) ~ e ± iax an d d x fx(x,o~) ~ iae ±lax for x — > ±oo. Furthermore, for every 
i£l, the functions f\(x, •) and d x fx(x, •) are continuous functions in C + \{0}. 

5.2. The Jost Solutions at Large Energies. In order to estimate (14.21) and (14. 3p for 

the contributions from large energies, we need the behavior of the Jost solutions for large 
a. Let 

r±(x,a) = e^7 A ± (x, ( x) and g±(x, a) = T±(x, a) - 1. (5.2) 

Lemma 5.2. Let a > 0. Then, for k, I G N ; the function (-,cr) satisfies the estimate 

Id^dlqKx^^KCix)- 1 -^- 1 - 1 (5.3) 

/or a// o" > o"o and all x > 0. The same bound for (x, a) holds if x < 0. 

The proof is based on the estimate for the Volterra integral equation for g A , which is 
quite similar to that in (131 Lemma 9.1]. 
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5.3. The Jost Solution f x (-,o~) for Small a. In this subsection, we investigate the 
Jost solution f x (x, cr) as a — >■ 0. 

Lemma 5.3. Let a6K and a® > 0. Then the Jost solution fx~{x, °~) = e~ tcrx (l + q x ~(x, a)) 
exists for all a £ [— ctq, ctq] and satisfies the bound 



d™d x q x (x,a)\ < C(m,k,a)(e™ +es") 



(5.4) 



for all x G (— oo, a] and all a G [—(To, cr ] . 
Proof: If q x (x, A) satisfies the Volterra equation 



K{x,y,a)(l + q x (y,a))dy, 



(5.5) 



where 



K(x, y, a) = ^(e 2ia(x - y) ~ W-Av) = (* - y)V-M J e^^dO, 

then f x (x,a) = e~ txa (l + q x (x,a)) is a Jost solution of equation (15. ip . On y < x < a, 
we have 

\d l a K(x,y,a)\<C(l,a)\y-x\ l+1 \V^ x {y)\. (5.6) 
Using Proposition 12.21 Lemmas I A. II and IA.3I yield 

II^?a(-^)IU«(-oo,«)<^,o), (5.7) 

for all a G [— 0q, ctq] since V- t \(y) decays exponentially as y — > — oo. Note that for y G M, 
|VL,a(2/)| < Ce4ir, so 



1 9 A 



<c 



K{x,y,a)(l + q x (y,a))dy 
\V-,x(y) \ -\y-x\- \ (l + q x (y,a))\dy 
\V-,x(y) \ ■ \y - x\dy 



<C(e3M + esAf), 

where we used ( 15. 6p and ( 15.71) in the first and second inequality, respectively. Similarly, if 
we differentiate ( 15. 5p with respect to x and cr, we can show ( 15.4ft using Lemmas IA.2I and 

M □ 
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5.4. Green's Function and Wronskians. Standard techniques give that Green's func- 
tion for ( 15.1 P has the form 

r( , , fjiA o)fj{x, g)e(a - x') + f-( x , <j)K(A g)e(x ; - x) 

for Imo" > 0, where G denotes the Heaviside function 

1 if x > 0, 



Q(x) 



if x < 0, 



and W(f x (-,0"), f x (-, cr)) is the Wronskian of f x and f£. For ease in notation, we denote 
W(a) = W(f x -(;a),f+(;a)). 

Lemma 5.4. The Wronskian of the Jost solutions, W(a), satisfies 

\W(a)\ > 2a (5.9) 

for a > 0. 

Proof: The proof is quite similar to that for [131 Lemma 3.2]. 
It follows from Lemma [5. II that 

W(f+,f x + ) = W(f x -,]f) = 2ia (5.10) 



which shows that f x (-,a) and f x (-,a) are linearly independent for a > 0. Hence, for any 
Jost solution f x , there exist a(a) and b(a) such that 



f x (x, a) = a(a)f+(x, a) + b(a)f^(; a). (5.11) 

We conclude that 



2ia =W(f x , f x )(a) = W(af+ + bf+, af+ + bf+)(a) 
= - 2ia\a(a)\ 2 + 2ia\b(a)\ 2 , 

which implies 

\b(a)\ 2 - \a(a)\ 2 = 1. (5.12) 

Thus \b(a)\ > 1. However, 

W(a) = W(f x , f+)(a) = W(af+ + bjf, ft) = 2iab(a), (5.13) 
and thus \W(a)\ > 2a. □ 
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6. Perturbative Solutions for \a\ Small 

6.1. Construction of Perturbative Solutions for | xo | Small. With the aid of Lemma 
13. we can construct solutions of equation (15. ip . 

Lemma 6.1. There exist solutions of equation h5. (p^^^x.a) (i = 0,1), which have 
the form 

and satisfy iy(0_ ) A i o(', o~), 0-,a,i( - , cr)) = — 1- Furthermore, there are constants <j\, 5 G 
(0, 1) such that 

\h-,x,o(x, a)\ < Cx 2 a 2 , for x G [— 5a^ x , 5cr~ 1 }, and \h_ x ,i(x, a)\ < C\x\(x)a 2 , 

forx G [— Sa^ 1 , 5a~ l ], a G (0, <7i) and 5 G (0,5i) ; where C is a constant independent of a 
and S. 

Proof: It follows from Lemma [3.11 that (p-^oix) ^ for i ^ 0. Let h_ t x,o(x, a) satisfy 
the Volterra integral equation 

h-, x, (x, a) = / k(x,y,a)(l + h- t x, (y,(r))dy, (6.1) 
Jo 

with the kernel function 

K{x, y, a) = -a 2 U- X M^-xM ~ j=^r^(v) ) • (6-2) 

Then 0_ A O (a;, cr) = cj)_ t x, (x)(l + h_ X fl(x, a)) is a solution of (15. ip . If y > 0, Lemma [37T1 
implies that 

sup \K(x, y, cr)| < Ca 2 y. (6.3) 

a;£(j/,(5(T _1 ) 

Thus 

/ sup \K(x,y,a)\dy<C6 2 . 

JO x&iy^a- 1 ) 

It follows from Lemma lA. II that \h- t x,o(x, a)\ < C for x G [0, <5er -1 ]. Combining ( 16 .31) and 
the integral equation (16. ip gives 

\h-x,o(x,(r)\ <C f Ca 2 ydy < Ca 2 x 2 for x G [0,5a- 1 ]. (6.4) 
Jo 

If y < 0, then 

sup |AT(ar,y,or)| < Co 2 \y\. 

It follows from Lemma IA.1I and (16.11) that 

\h^x tl (x,a)\ < Cx 2 o 2 for x G [-5<7 -1 ,0]. (6.5) 
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Choose Sx G (0,1) such that |/i_ )A)0 (x, o)\ < C8\ < 1/2 for x G [—8&~ l , So" 1 ] and 

8e(o,8x). 

Define 

r-Sa- 1 i 



!)_A,l(X,CrJ 



,A,o(£,CJ 



-dy + 



iv,o)dy ■ 



'to- 1 ^-Xfiiv) Jx v -Ao 
A direct computation using (13.2j) and (13.31) shows that 0_ iAil (x, a) is well-defined for 
x G (— &7 -1 , Sa^ 1 ). Then W / (0_ i a,o, 0-,a,i) = —1- Hence 4>-,\,x is also a solution of (15.11) . 
Let 

h- mX ,i(x,a) = ^zAj_^L _ x ; anc i Ai0 (x j£ r) = (1 + fc_j^(x,cr))~ 2 - 1. (6.6) 
0-,A,i(a;) 

Using (16. 4p and (16. 5p . we obtain 

\h- t \fl(x, cr)| < Ca 2 x 2 for x G [— <5a -1 ]. 



Note that (13. 5p also implies that 



-,A,1 
-,A,0 



b 2 ' 
y -,A,0 



SO 



Therefore, 

h-,\,i(x,a) 

+ 



0-,a,i(^) = 0- a,o(z) / (t>- 2 x fi (y) d y- 

4>-,X,o{x)(l + /l-,A,o(^,0")) 



0-,A,l(^) 



/l-,A,o(z, 0") + 



0-,A,O 0*0(1 + /i-,A,o(^, O-)) 



>-,A,lW 



6a~ 



i-Xa(y)h-,\,o(y,(r)dy. 



For x G [xq, 8a x ], we have 

|/i-,A,i(x,(7)| <C<rV + Cx 2A+1 
For x G [0, Xq], it follows from f]3. 21) that 



5a~ 



Cy' 2X - 2 a 2 y 2 dy < Co* a?. 



2^2 



Scr- 



<P-,\fii.y)~ h -Xo{.y,o)dy 



< 



x ° 

K 2 ,\,o{y)h-\,o{y,p)dy 



+ 



5a- 



<i>- 2 \Mh-,\,o{y,o)dy 



■I'D 



■I'D 



5o- 



< / C7y" Wdy + / Cy-^Vj, 2 dy < Co*. 



(6.7) 



(6.8) 



■I'D 
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■I'D 



Define clq = Jq" 4>_ 2 X0 (y)h_^ (y, a)dy. Then (16. 8p shows 

\a \ < Co 2 . 

For a; < — x , using ( 13. 2 p and (I6.9p . we have 
|^-,A,i(a;,o-)| = \h_ iXfi (x,a)\ + 

<Ca 2 \x\ 2 + C\x\a 2 < Ca 2 \x\(x) 
The above estimate also shows that for x G [— Xo,Xo] 

\h-,\ t i(x, cr) | < C|x|(x)cr 2 . 
This finishes the proof of the lemma. 



(6.9) 



Cx[a + / c()_ Xfi (y)h(y, a)dy 



□ 



6.2. Derivative Estimates for the Perturbative Solutions for Small |xer|. It is 

easy to see that (p- t x,o(x,a) = 0_ i A,o(a ; )(l + h- t \ 7 o(x, a)) with h^^fli^, a) constructed in 
Lemma [6.11 satisfies equation ( 15. ip and initial data 

0_, A ,o(O, a) = 0_, A ,o(O) = 0, d x( f>~,x,o(0, a) = 0'_ AO (O) = Q - (6.10) 

Therefore, 4>-,X,q{ x i &) satisfies integral equation 

4>-\,o(x,a) = Q x+ (V- iX (y) - o~ 2 ) ■ (x - y)<f>. t x fi (y,a)dy. (6.11) 
Jo 

We first have the following estimate for <fi_ ;Xt0 (x, °~)- 

Lemma 6.2. For x G [— Xq,Xq] where Xq is the constant appeared in Lemma [37l\ we have 

\d l a di^ Xfi (x,a)\<C (6.12) 

for i 6 N and j G N and 

\df 0_,a,oMI < C\x\, and |«9f +1 0-,a,o(^)I < C\x\a (6.13) 

for k G No- 
Proof: (I6.12p is the direct consequence of Lemmas I A . 1 lfA73l We prove (I6.13P by induction. 
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Obviously, equation ( 16 .lip is a Volterra integral equation. Using Lemma IA.lt we have 
\<f > -,\,o( x 7 (T )\ — C\ x \ f° r \ x \ — l x o| < 1- Differentiating ( 16.1 ip with respect to cr yields 



a ) = I -2a(x - Ai0 (y, a)dy 



+ J (V-, x (y)-^).(x-y)^=^(y,a)dy. 

It follows from Lemma lA.ll that |9 ct </>_ )Ai q(:c, c)| < Ccr|x|. Therefore, (I6.13P holds for 
fc = 0. 

Now suppose that the estimate (I6.13P holds for k — 0, • • • , / — 1. Differentiating ( 16.1 ip 
with respect to a 2/-times gives 



^V_ iAi0 (x,(x)= / -2/(2/ - l){x - y)d 2 J- 2 ^ X0 (y,a)dy 
Jo 

+ [ -Ala(x-y)d 2 J- 1 ^, Xfi (y,a)dy (6.14) 

Jo 

+ ["{V-M - o 2 )(x - y)d 2 J^ A0 (y, a)dy. 
Jo 

Since ( 16. 13f) holds for k = I — 1, we have 

-2/(2/ - l)(x - y)d?- 2 (f>_ !X>0 (y, a) - 4la(x - y)d 2 ^ l ^ Xfi (y, a)dy\ < C\x\. 



Thus |<9^</>_ >A) o(a:, a)| < follows from Lemma [A. 11 

Similarly, differentiating (16. lip with respect to a (21 + l)-times gives 



c^ + V-,a,o(z, cr) = / -2/(2/ + l)(x - y)d 2 J- 1 ^ X0 (y, a)dy 
Jo 

+ / -2(2l + l)a(x-y)dl l <j>^ Xt0 (y,a)dy (6.15) 
./o 

+ (\V-, x {y) - a 2 )(x - y)d 2 J +1 ^, x , (y, cr)dy. 
Jo 

Since |^0_ iA)O (y, (t)| < C|y| for y G [-x ,x ], 

-2/(2/ + l)(x - y)d 2 J- 1 ^, Xfi (y, a) - 2(2/ + l)a(x - y)^-,A,ofe, <r)dy| < Ca|x|. 
Therefore, |(9^ +1 </>_ j A,o( a; ? < C|x|cr. This implies (16.131) holds for k = I. □ 
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For x G [— x ,x ), we rewrite h- >X; o(x,o~) as 

. / \ 0-a,oO, <t) . <j>- t x,o(x,o)/x 
h- \ t o{x, a) =— 1 = — 1 

0-,A,oO) 4>-,X,o( X )/ X 

_ Io C((v-Ay) - ^ 2 )0-,a,o(?/^) - V-Av)i-,xM)dyM (6 ' 16) 

£ 4>'_, x , Q (9x)d9 

where we used ifi'L xo (x) = V- )X (x)(f)- tX! o(x). Using Lemma |6T2| we have the following 
estimates for h- )X} o(x, a). 

Lemma 6.3. Let xq be the constant from Lemma \3. 11 For x G [— Xq,Xq\, we have 

\d k Xh-,x,o{x,s)\<C (6-17) 

for k, I G No; and 

i i 
^|^/i_, A ,oM|<qx|, and Y,\ d " k+ld l h -^(x,o-)\<C\x\cr (6.18) 

i=0 i=0 

for k G No; and 

1^^,0^,(7)1 <Ca 2 -' (6.19) 

for I < 2 and k G N . 

Proof: (16.171) is a direct consequence of (16.121) and (I6.16p . 

Differentiating (I6.16P with respect to a and applying (16. 13j) gives 

\d?h„ >x>0 {x,a)\<C\x\, and |cf +1 h^ Xfi (x, a)\ < C\x\a. (6.20) 

Differentiating (16.161) with respect to x and noting that (f)^ tXi o(x,a) = 4>- tX fi(x)(l + 
h-, Xl o(x,a)), we have 

dh-,x, jl{V-,x{6x)4>-, Xfl {6x)h-, Xfl {9x,a) - a 2 ^, Xfl (8x } a))9d9 

dx {X,a) ~ fU' XQ (8x)dd 

1 . Jo A ° (6.21) 
/i-,A,o(x, cr) / 4>'!_ iXfi (9x)6d6 

llKj9x)dB ' 

Then (16.181) follows from (I6.20j) and differentiation of (I6.2ip . 

It follows from Lemma [67T1 that \h_ tXt0 (x, a)\ < Ca 2 for x G [— a;o,^o]- This implies that 
\d x h-, X fi(x, cr) | < Ca 2 by (16.211) . By induction, we can see that \d^.h_ X fi(x,cr)\ < Ca 2 
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for x G [— x ,Xo). It follows from (16. 18[) that \d a h_x,o(x,cr)\ < Ca for x G [— x ,x }. 
Moreover, we have 



<9 2 /i_, A ,o, s fi(V„,x(6x)4>^ Xj o(ex)d a h^ Xj0 (9x,a) - a 2 d^^{6x,a))ed6 



IX, CT' ■ " 



x " x . (6.22) 

f 2a<j)- t x ; o{0x,a)ede + d (T h^ x>o (x,a) J Q (j>'L iX>0 (9x)" ' 



Using a similar induction method, we can show that \d^.d a h_^ {x ) a)\ < Ca. □ 

For x G [x , Sa' 1 }, it is easy to see h_ j \ ! o(x, a) is the solution of the integral equation 

dh *■ 

^-,A,o(^)0-) = ^-,A,q(^Q, O") H ^-(^0, O-)0-,A,l(^o)0-,A,o(^o) 

-^(xo,a)0_ AO (x o )_-^ (623) 



a 2 



(f)-,\,o(y)i>-,\,i(y) - t ,A ' 1 ^ 2 -, A ,o(y) I (1 + h- iX ,o(y,a))dy. 



For x G [— 5er 1 , — Xo], there is a similar representation for /i_ i > j o(x, cr) as 
/i_A,o(a?,o-) = ^-,a,o( -^0,0") H ^^(-a;o,o")0-,A,i( _x o)0-,A,o(-a;o) 

~ 'P-.A.oi-^o)— ^ (-^0,0" 



-.t'o 



2 ' ' 0_, a ,o(z/)0-,a,i(z/) - t^0 2 -,A,o(2/) ] (1 + ^,A )0 (y, a))dy. 



0-,A,o(^) 

Applying this representation of 7i_,A,o, we have the following estimate for /t_ )A ,o- 
Lemma 6.4. For x G [— 5cr -1 ,— xo] U [xo,#<7 _1 ], u>e /iave 

|af/i_ )A) o(x,(7)| < C|x| 2fc , and |df +1 /i_ A o(^)| < C|x| 2fc+2 a (6.25) 



for k EN 



o- 



Proof: We estimate the first three terms on the right hand sides of ( 16.231) and ( 16.241) by 
Lemma 16.31 The fact that 

\K(x,y,a)\ < C\x\ for x < y < — x or x < y < x, (6.26) 

where K is defined in (16.21) . makes the proof of this lemma similar to that of Lemma IBT21 . □ 



Furthermore, we have the following estimates for the derivatives of h_ x,i- 
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Lemma 6.5. For x E [—5a ,5a ], 



x 2-k2-l 



d k x d l a h_ X0 (x,a)\<C(xy- k a 2 -\ and \d k x d l a h_ xi (x, a)\ < C{x) 2 - k a 



(6.27) 



for k E N and I E N . 



Proof: First, it follows from Lemma [6.11 that (16.271) holds on [—5a~ 1 ,5a~ 1 ] in the case 
k = I = 0. For x E [— x ,x ], the estimate for /i-,A,o i n (16.27j) has already been proved 
in Lemma [6.31 Then one can prove (I6.27P for x E [xq, 5a~ l ] by a method similar to 
Proposition 4.1]. Similarly, we can prove the estimate for ^-,a,o f° r x G [ — 5a -1 , —Xq], 
Let us prove the estimate for /i-,A,i for x E [— 5a~ l , —Xq], It follows from (16. 7p that 



h- ,x,i(x,cr) = h- )X n(x,cr) 



+ 



-,A,0 



(x)(l + h- t x,o(x,a)) 



-,X,1 



8tr 



( P-,x,o(.y) h -,\o(yi a ') d y 



XQ 



* fi(i-e)d x h(ev,v)de dy | 



-■fo 



, , , , , , 0- 2 A,o(?/)^-,A,o(Z/^)^ 

-*» (Jo <r-*,o\ e v) d& ) 

--0(x 2 a 2 ) + 0(x)(l + 0(xV))[0(a 4A ) + 0(a 2 ) + 0(a 2 x)], 



(6.28) 



where the O— terms are of symbol type. Thus differentiation yields the estimate (I6.27p . 
The estimate for x E [— xq,xo] is easier, so we omit it. □ 



Using the estimates in (I6.27P for h- t x t o(x, a), we have the following estimate for a). 
Lemma 6.6. For all a E [0, ax] and x E [—5a~ 1 ,5a~ 1 ], h- t x t i(x,a) satisfies the estimates 



[d 2k h_ xl {x,a)[<C k (x) 2k and \8 2k +1 h. xi (x, a)\ < C k (x) 2k+2 a 



(6.29) 



for k < A — 1 and 



|^ A +^_ jAil (x,a)| <Q{xy 2A cj 



2X-1 



(6.30) 



for I > 0. 



Proof: The proof for the estimates (I6.29P and (16.301) on [xo,5a x ] is similar to that in 
[j~3| Lemma 4.5]. Here we give the proof for the estimates (16.291) and (16.301) for x E 



[—5a 1 , —x ]. For x G [—5a 1 , —x ], it is easy to see that 



d k h. 



,A,1 



x,a) 



d k h. 



,A,0 , 



d 



da k 

Qk—l pd' 7 



da k 



a) + £ |=^(x)^(l + h^ (x, a)) x 



1=0 



-,A,1 



Qk—l 

+ da TZ ~ l 
Note that 



( t ) -xo(y) h -,^o(y^) d y + 



^{i-e)d k - l d x h{e y ,a)de 



-XQ 



(/„f A0 (%)*) 2 

4 



Q a k-l 



k-l-1 



5a- 



:1q(^- 1 )^- 1 -^_ iA)0 (^- 1 , ( 7)(-^- 2 )) 



i=o 



and 



i-*\,o(y)h-,\,o(y,v)dy 



<Ca 2 . 



If fc = 2A, then it follows from (16T25D that 



2A-1 



2 A 



|/ 2 |<C(x> [(x) 2X a 2 +J2(xY + Y. 



1=0 



1=0 



2X-1-1 



23 



A/ (6.31) 



(6.32) 



< C(ac) 



2A 



(x) 1 J2 di(a 2 ^a l+1+ ^ 2X a- 2 

3=0 

The estimates for the terms 1%, J3, and I± are much easier, so we omit the proofs. This 
proves (I6.30p for 1 = 0. The proof for (16.301) with I > 1 and (I6.29P follows from the same 
strategy combined with (I6.25p . □ 



As in [13], we introduce the following notation. 

Definition 6.7. For fc 6 No we denote f G Sk{x) if, for a constant s > 0, 

(1) / : (0, s) —> R is smooth, 

(2) |/ (0 (x)| <Ciforl<k and all x G (0, s), 

(3) \f {k+l \x)\ < dx~ l for all / G N and x e (0, s). 

We write f(x) = 2 fc(l) if f G S^x) also satisfies \im x ^o + /^"^(x) = for all 1 <l < 
k. Similarly, we write f(x) = 2 fc+i(x) if f G 5 2 fc+i(x) a/so satisfies \im x ^ + fV\x) = 
/or all 1 < I < k. If, in addition, f(x) G 2 fc(l) (respectively 2 k+i(x)) satisfies /(0) = 
(respectively f'(0) =0), then we write f(x) G 0^(1) (respectively 02 k+1 (x)). 



The properties of the functions can be stated via these notations as 
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Proposition 6.8. For a given function f : (0, s) — > K. ; one has 

(1) Iff G O 2k (l), then £<£ e 2k ^(x). 

(2) /// G 2k+1 (x), then f'(x) G 2k (l). 

(3) If f e 2k {l) and g G 2l (l) for some k>l, then fg G 2l {l). 

(4) If f E 2k+ i(a) and g G 2i (l) for some k>l, then fg G 2t+1 (a). 

Proof: (2) and (3) are direct consequences of the definitions. In order to prove (1), we 
need only to use the following identity: for / G O^l), 

- ^ f'(9x)d9. 



Using Leibniz' rule, we can check easily that Jb«(/<7) — for i = 0, 1, • • • , I. We need 
only to check that flt+i (fg) is bounded. This follows from the estimate 



dx 2 

( f n\ ig Virmnrlorl TViig ^ 

dx 2 

121+1 ?m (oi i 1M ^/^2«+l-i, 



^— f Ml - I V + > < C\x\ ■ Id- + C7 < C 

I ^2* + l UffJI " I 2^ , !(2 / + 1 _ i)\ dx i dx 2l+X-i I ' ' ' ' f ° " 

i=0 



□ 



Corollary 6.9. 0- a,o(0, •) = 2fc (l) and e^-, a,o(0, •) G 2 fc(l) /or any fceN. 0_ A ,i(a;o, •) G 
2 a(1) and d x (f)- t x,i {xo, •) G 2 a(1) /or a// cr G (0,a ). 

Proof: It is easy to see that 0_ ; a,o(O, cr) = 0_ i a,o(O)(1 + ^-^,0(0,0")) = and 

«9,0-,A, O (O, a) = A , (0)(l + /l-,A,o(0, O)) + 0_ j A,o(O)a :E /l_ ) A,o(O, 0") = Q . 

Thus 0_,a,o(O,o-) G 2fc (l) and d x <j>- A , o (0, <r) G 2fc (l) for any fceN. 

Since 0-^,1(^0?°") = 0-,a,i( x o)(1 + ^-,a,i( x o ; cr)), it follows from Lemma [6.61 that 
</>_A,i (x , cr) G 2 a(1)- Moreover, using W(0_ a,o, 0-,A,i) = _1 S ives 

, , (0 / _Ao( X o)(l + ^-.A,o(^O,cr)) +0_ i A,o(^o)5 ;E /i-,A,o(a;o,Cr))0_ i A,l(a;o,Cr) - 1 

d x <j>- tX)1 (x ,<T) = ~ 2 — — ; . 

0-,A,o(%)(l + h-. iXi o(Xo, cr)) 

Therefore, it follows from Lemma 16731 that d x (f)- } x,i( x a, °) £ 2X (l). □ 

6.3. Perturbative Solutions for |xc| Large. We construct solutions of equation (15.11) 
in the region \xa\ large. The method is inspired by [13]. We first rescale equation (15. ip 
by introducing a new independent variable z = ax. Upon setting <p(z, cr) = 0(cr _1 z, a), 
equation (15. ip is equivalent to 



+ ( 1 - ) = a-*U-^j- x z)i (6.33) 



2 Z 
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where 

Note that the differential equation 

w + \1 —jw = 

is a standard Bessel equation, which has the fundamental system {y/zJx+iftiz), y/zYx+i/ 2 } 
where Jx+1/2 and Yx+1/2 are Bessel functions (cf. [2J). We have the following lemma on 
the solutions of (I6.33p . whose proof is similar to the combination of [131 Lemmas 5.1 and 
5.2]. 

Lemma 6.10. There exists a smooth solution (p\(z,a) of the equation \b\ 33\) such that 

<p x (z,<r) = f3 x ^H x+1/2 (z)(l + t) x (z,a)) (6.34) 



where Hx+1/2 = J\+i/2 + iY\+i/2 is a Hankel function and (3\ = i^n /2e l7rA//2 . The function 
t)\(z, a) satisfies 

M*,*)| < C{z)- 2+£ a l -^ )£ (6.35) 
for all a G (0, cr 2 ) and z G [a £ , 00) for any e G (0, 2X^3)- Furthermore, 

\d k z ^Mz,a)\<C k , lZ - k a l -^>- 1 

for all z G [a 6 , 1] and 

\d k z d l Mz,a)\<C k!l z- 2+£ - k a l - £ - 1 
for all z G [1, 00) and any e G (0, ^+3)- 

7. Representation of the Jost Solutions 

7.1. Representation of f£. Note that /3\y/zHx+i/2(z) ~ e lz ((2]), thus the solution (p x 
constructed in Lemma [6. 101 has the asymptotic behavior (px(z,a) ~ e lz for z — > 00. This 
implies 

f+(x,a) = ipx(crx,a). (7.1) 

Thus we have found a representation of the Jost solution f£(x,cr) which is valid for all 
cr g (0, a 2 ) and all x with a~ 1+£ < x < 00. By appropriately choosing e, we can always 
accomplish a~ 1+£ < 5a~ l for any given S > and all a G (0, <7o) for some <To < min{ai, a 2 }. 
Thus, at x = a~ 1+£ for a < a , we can represent the solution f£(-,a) by (^a,^-,^") 
(i = 0, 1) in the following lemma. 
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Lemma 7.1. The Wronskians c^(cr) = W(f x (-, a), <f>-,\,i{-, or)) (i — 0,1) for a G (0, (T ) 
/iai>e the asymptotic expansion 

<o» = i^a~\l + 0(a £ ) + *0(a^)), (7.2) 

and 

c+ (1 (a) = -a XA (3 x B a x+ \l + ©(a 5 ) + iO^" 2 * 6 )), (7.3) 

for sufficiently small e > where O— terms are of symbol type and a\,i (i = 0,1) are 
nonzero constants given by 

r(A + i)2 A +i 



a ^ = 7^ ^ rn" ) «a,o = • (7.4) 

r(A + |)2 A+ 2 vr 

The proof of Lemma 17.11 is similar to that for [TBI Lemma 6.1]. The only difference 
between these two lemmas is the constant B in f lT.2 jl and (17.31) . which comes from (13. 3p . 



7.2. Representation of f x (x, o). In Lemma 15731 we constructed f\(x, a) for x G (— oo, a) 
for afS. Note that the linearly independent solutions <p_ \ i(x, a) (i = 0, 1) are also con- 
structed on [—8a~ 1 ,8o'~ 1 ]. Therefore, we can represent the Jost solution f^(x,a) by the 
linearly independent solutions <fi-xi = 0, 1). 

Lemma 7.2. The Wronskians c Xi (a) = W(f x (-, a), <f)- r \ ; i(-, a)) (i = 0,1) have the as- 
ymptotic behavior 

c A,o( <T ) = + i0 2k+ i(o) and c xi (a) = 0° 2X (1) + i0 2X+1 (a) (7.5) 

for a G (0, a ) and any k G N. Furthermore, we have 

c Xfi (0) = l, and -£L(0) = i. (7.6) 



Proof: The proof for (17. 5p except for c xi (0) = is quite similar to the proof of 
Lemma 6.4]. It follows from Lemma 15.31 that f^(x,a) is smooth near o = and by 
definition f^(x,a) = f x {x,—a) for a G M. In particular, this implies that for fixed x 
Ref^(x,o-) = 2 fc(l) and lmf^(x, a) = 2 k+i(o~) for all k G N. Corollary 16.91 implies 
</>-,A,o(0, cr) = 2 k(l) and <9 x 0_ )A ,o(O, <x) = 2k (l). This shows that 

Ca, = 2k (l)(0 2k (l) + t0 2k+1 (a)) = 2k (l) + i0 2k+1 (a) 

Similarly, Corollary 16.91 and Proposition 16.81 imply that 

c~ xl = 2X (l)(0 2k (l)+i0 2k+1 (a)) = 2X {l)+i0 2X+l {a). 



We now prove c A1 (0) — and (I7.6p . Using (15. 2p and Lemma [6JJ gives 



c x,o( a ) = h (g> ff ) g x (g» ^) 



<9x 



(x, crJ0_ iA ,o^,crJ 



=e + g A (x, a))(0'_ AO (x)(l + h_ X o(x, a)) + ^_ tA>0 (z) ^" a ^' (g, a)) 



(-ia)(l + q^(x,a)) + -^(x,a) 



dx 



i=i 



Choose x = —a £ . By Lemma [3. 11 we have 
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(7.7) 



,x,o\ 



-a-°) = + 0(a*)), 0' , (-a- £ ) = 1 + °( e 



(7.1 



It follows from Lemmas 16.11 and 16.51 that 



\h_ XQ (-a- e ,a)\ <Ca 



2-2e 



,A,0 , 



dx 



< Ca 2 - £ . 



(7.9) 



Furthermore, Lemma 15.31 gives 



\qj;(-<r-°,<r)\<Ce 



dx 



-a~" a) 



< Ce 8M 



(7.10) 



Therefore, combining (j7.8p - (l7.10p gives 



J 01 = e lCT (1 + O c ( e -w))[(l + 0(e-w))(l + O^ 2 ^)) - a- £ (l + 0(a £ ))0(a 2 - s )} 
=1 + Oc(ct 1 - £ )- 



Furthermore, we have 



'02 



(-ia)(l + Oc(e-w)) + Oc(e-w) e ^ (-0(1 + 0(0(1 + 0(a 2 " 2e )) 
zO(l + O c (0- 



Combining the estimates for 7 01 and I 02 gives c A0 (cr) = 1 + Oc^a 1 e ). Thus c A0 (0) = 1. 
This finishes the first part of ( 17. 6p . 
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Similarly, we have 



dh x 1 

<j)'_ A i(x)(l + /i_ iA ,i(x, (t)) + 0_ A ,i(x) — ;P- J -(x. a) 



{-ia)(l + q^(x,a)) + -^(x,a) 



dx 



e-™ x ^ xl {x){l + h^ xl {x,a)) 



(7.11) 



i=l 

Choose x = —a~ £ . By Lemma [3. 11 

= 1 + O(e-w), and 0'_ A1 (-<x- £ ) = 0(e 
It follows from Lemmas 16.11 and 16.51 that 



dh-xi 



dx 



< Co 2 -'. 



(7.12) 
(7.13) 



Combining fj7TT2|l . (EH]), and (|7TT0|) gives 

J u =e^ £ (l + O c (e-w))[0( e -w)(l + O^ 2 " 2 *)) + (1 + 0(e~ w))0(a 2 " e )] 

=0 C ( C T 2 - £ ). 

Moreover, 

J12 = - [(-kt)(1 + Oc(e-w)) + O c (e-w)] e - iffl_e (l + 0( e "w))(l + 0(a 2 - 2£ )) 
^(l + Oc^)). 

Therefore, c A1 (0) = 0. Furthermore, differentiating (17. lip and evaluating the resulting 
expression at x — —a~ £ implies that 



da 



z(l + O c <V- £ )). 



This finishes the proof of (17. 6p . 



□ 



8. Asymptotic Behavior of Z_ a 
8.1. Green's Function near Zero Energy. The definition of c Ai implies 

f±(x, a) = -c^ x {a)(j)^ Xi0 (x, a) + c± (a)4>_ xi (x, a), (8.1) 
where we used W(<f>- t \ t o, 4>-,\i) — ~ 1- Therefore, 

W(fx, m = Ca»c+» - c^c+M. 



Set 



A jk (a) = Im 



Then we have the following lemma 

Lemma 8.1. The functions Aj k are of the form 

Aoo(o-) = -- + 5 2A _ 1 ( ( r), AoM = O^- 1 ), 
a 

A l0 (a) = 0(<r 2A ), A n (a) = 0(a 2A+1 ), 
where S2X-1 is given in Definition \6. ? and i/ie O— terms are of symbol type. 

Proof: We prove the lemma by straightforward computation. Note that 



A)o(cr) = Im 



c A,oW c A.oW 



Im 



1 



°A.l °A,1 



L A,0 A,0 



Using Proposition 16.81 gives 



— =j^f = (*V + C 2 °a(1) + ^ 2 ° A+1 (a))(l + O 2k (l) + i0 2k+1 {o)) 

C A,0 l C A,ol 



=ia + i0 2X+1 (a) + a 2 S 2 x-i . 
It follows from Lemma [7. II that 



= ^^l^^A+i^ + 0((t£) + , (a- 2Ae )), 



'A,0 



"A,0 



and so 



Next 



Aoo = --(1 + crS 2X ^(a) + 0(a 2X )) = -- + ^(cr). 

<7 (T 



Aoi(cr) = Im 



c \A a ) c xA a )- c \A a ) c \A a ) 



dm 



(1 + 0° A (1) + iO 2X+l (a))B ax,iPxCT x+1 (l + 0(cx £ ) + zO(a- 2Ae )) 



T-aA,o/9A^ A+1 (l + ^(a £ )) 



Bo 



=0(CT 



2A-2Ae\ 



so if e < 75T, then Aqi = 0(er 



2X-1\ 
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Furthermore, we have 



.4 



10(0- 



Im 



c A,lW C A,0( 



Im 



1 



c A,o( CT ) 4,1 ( g ) 
^.iW c to( (J ) . 



=Im 



dm 



(l+O° x (l)+iO 2 x+i(v))*\A B 0<r 2X ( 1 +O(° s )+ i O(<r- 2X£ )) 



1 + 



(l+0« A (l)+i0 2A _ 1 (a)) QAi o(l+0(^)+iO( CT ^+ 2 )-)) 



i^l Bo V A (l + O(o-) + ^0(a- 2Ae )) 

«A,0 



0(a 



2A\ 



Finally, 



An (a) = Im 



dm 



CA.l^^O^) -Ca.O^Ca.iW 

«a,iBq/3a^ a+1 (1+0(^)+»0(^- 2A£ )) ' 
i^aA,0^- A (l+O((T e )+iO( CT ( 2A + 2 ) £ )) 

1 - O c (a 2A + 1 - 2A£ - 1 ) 



Im 



<i(fO 



C A.l( CT ) C t,o( CT ). 



=0(a 2A+1 ^ 



This finishes the proof of the lemma. 



□ 



8.2. Oscillatory Integral Estimates at Small Energies. For small energy contribu- 
tions in ( 14. 2 p and ( I4.3JL it is useful to note that, for a 6 R, f^(x,—a) = f^(x,a) by 
definition of the Jost solutions. This implies 



GL,a(z, a/, -<r) = G- t \(x, x', a) 

and hence Im[G_^(x, x', cr)] is an odd function. Thus we have 
f°° If 

/ cr cos(tcr)Im[G_ i A(x, x, a)]da = - / a cos(ta)Im[G_^(x, x' , cr)]da 
Jo ' ~ % Jr 

and similarly for the sine integral. Similarly, we can extend 0±,A,i and c^(c) to negative 
cr according to 



Let x e C °°(R) satisfy 

" 1 if Id < 1/2, 
= <! „ (8-3) 



if \x\ > 1, 



and set Xs(aO — X (§) f° r an y s > 0. 
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For < 5 < 8\ and a > as in the first paragraph in §7.11 define F(x,x',a) = 
Xs{cx)xs( crx ')XiTo( CT )- It is easy to see that F = if | a \ >s(x,x') := min{5|x| _1 , <5|x'| _1 , cr }- 
Furthermore, we have 

\d k 3 F(x,x',a)\<C((x) k + (x') k ). (8.4) 
Lemma 8.2. Let Jx — Lacos(ta)lm.[G- j \(x,x',a)]F(x,x',a)da. Then 

\Ji\< C(x') 2X (x) 2X r 2X . 

Proof: By the definition of the Green's function in (15.81) . it is easy to see that 
Ji = / crcos(t<j)Aoo(a)(j)- t \ i i(x,<T)(j)- t \ t i(x',a)F(x,x',<j)da 



(Tcos(tor)A O i(a-)(0_ iA ,i(x / ,a)0_ i A,o(a;,(T)0(x - x') 
+ 0-,a,i(^? o r )0-,A,o(a ;/ ) cr)Q(x' — x))F(x, x' , a)dx'da 
a cos(tcr) A 10 (a) (0_ t \fl(x' , a)0_ ) A,i(a;, a)9(x — x') 
+ 0_ 5 a,o(^, o)<t>-,\,i{x' , cr)Q(x' - x))F(x, x', a)da 
+ / acos(ta)A 1 i(a)<p^ i x ) o( x ,cr)(f>-,\,o( x ',o')F(x,x',a)da 



i=i 



Let a>i(x, x', a) = 0.^1 (a;, cr)0_ i A,i(x / , a)F(x, x', a). Then it follows from Lemma IfTol 
and ([83D that 

|c£V(x,x»| < C(x) 2X {x') 2X . 
Integrating by parts 2 A times gives 



J 



ii 



cos(o"t)a;i (x, x', a)da 



t 2A 



cos(crt)<9 CT a/, cr)dcr. 



Therefore, 

| Jul < cr 2X (x) 2X (x') 2X . 

Since v4 o + - € 5 , 2A-i(o"), integrating by parts 2 A times yields 



I-/ 



ii 



cr cos(to")(A o H — )wi(x, x' , a)da 
a 

-l) 2X f 1 

I cos(ai)d 2X (a(A m + -)ui{x,x' ,a))da 

<cr 2X (x) 2X (x') 2X . 
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Therefore, 



\J ll \ = \J ll + J 11 \<Ct- 2 \x) 2 \x') 2X 



In view of A 01 (a) = 0(a 2X ' 1 ) and \4>-,x,o\ < C(x) x+1 , we have 

| / acos(ta)A 01 (a)(f)- : x,i(x f ,a)(f)- : x,o(x, a)F(x,x f ,a)da\ 
=r 2X \ / cos{ta)dl x {aA Ql {a)(t)-,x,i{x' ,a)(f)-,xfl{x,a)F{x,x' ,a))da\ 

COs(t(7)0_ iA ,o(x)J]^( ( 7Aoi( ( 7))x 

-S(X,X') K _n 



<ct 



a)(l + h-, Xt0 (x, a))F{x, x' , a))da 

»s{x,x') 



<Cr 2X J2 I a 2X - k (x) x+1 ((x) 2X - k + (x'} 2X - k )da 

k=0 J-s(x,x') 



<cr 2X (x) 



2A/_\A+1 



Similarly, 



/ acos(ta)A 01 (a)(f)_ t xAx,(7)<f>-M x ', a ) F ( x , x ', a ) da \ < Ct 2X ( X ') 
Jr 



A+l 



Thus | J12I < Ct x (x) + (x 1 ) + . Similarly, using integration by parts, we have 



J2\Ju\<C(x') 2X ( x ) 2X t- 



2A 



i=3 



This proves the lemma. 



Lemma 8.3. Let J 2 = J R sm(ta)lm[G- iX (x, x' , a)]F(x, x' , a)da. Then 



■h + n^,x,o( x ')^-,x,i( x ) < Cr 2X {x) 2X+l {x'\ 2X+l 
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Proof: Straightforward computation gives 



J 2 = sin(£er),4oo(cr)0_ a,i(x, a)<j)-,\,i(x' ,a)F(x,x' ,a)da 



sin(if:a)Aoi(o-)(0_ >Ai i(x / , 0-)</>_ A)O (x, a)0(x - x') 
+ 0-,a,i(^) o")0-,A,o(a ;/ ? cr)@(V — a/, a)da 

sm(ta)A w (a)((p_ :Xfi (x', a)0„ Ai i(x, <x)0(x - x) 
+ 0-,a,o(^> c r )0-,A,i(^ / , cr)0(V — x))F(x, x' , a)da 
+ / sm(ta)A 11 (a)<i)^ xo (x,a)<l)_ X o(x',a)F(x,x , ,a)da 

JR 
3=1 



First, let us estimate J22- Since v4 i(cx) = 0(a ), we have 

| / sm(ta)A 01 (a)<f)^ i x,i(x',a)<f)_ X0 (x,a)F(x,x',a)da\ 
Jr 

=r 2A | f sm(ta)dl x (A 01 (a)^ xl (x',a)4 > „, Xfi (x,a)F(x,x , ,a))da\ 
Jr. 

<r 2X \ / sm(ta)dl x A 01 (a)(f)- i x, 1 (x',a)(j)- > \ j o(x,cr)F(x,x',a)da\ 
Jr 

» 2A-1 

+ r 2A | / sin(ta) ^^A ol (a)^ A - fe (0_ )A , 1 (x / , ( r)0_ iA ,o(a;, ( T)F(x,x , ,a))rf ( T| 

^ R k=0 
=Rl + i?2- 

It follows from Lemma 16.61 and ( 18.41) that 



R 2 <Ct 



-2A 



s(x,x') 



2A-1 



;(x,x') 



cos(ta)0_ iAiO (x) ^ d*A i (a) 



X 



fc=0 



2A-fc, 



,\,i(x', c)(l + /i_,a,o(^, x, cr))dcr 



2A-1 



<Cr 2A ^ f a 2A - 1 - fc (x) A+1 ((x) 2A - fc + (x') 2X - k )da 

<cr 2X {x) x+2 {x'). 



\.7) 
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}2A 



Let u 2 (x,x',a) = d 2 A O i(cr)0_ i A,i(^ / , cr)0_ A)O (:r, a )F{. x i x ' , cr )- Then Ri can be estimated 



as 



R\ <\t~ 2X / sm(at)cu 2 (x,x',a)x(crt)da\ + \t 2X / sm(at)u 2 (x, x' , a)(l - x(crt))da\ 
Jr Jr 



-Rn + R\2 



Note that W2(^, cr) can be estimated as 

\ou 2 (x,x',a)\ < C-(x) x+1 and \d a u 2 (x, x' , a)\ < C^r(x) x+1 . (8.8) 
a a 2 

Therefore, 

Rn <Cr 2X [ |sin( * a)l (x) A+1 X (^ < Cr 2A / \^l( x )^ x (a)da 
Jr |cr| Jr I cr | 

<cr 2X (x) x+1 , 

and integrating by parts yields 

R12 <Cr 2A_1 | / cos((7t)9 CT w 2 (a;,a; / ,cr)(l - x(fft))rf(T| 

•/R 

+ Ct~ 2A ~ 1 | / cos(at)co 2 (x,x',a)x'(crt)tda\ 
Jr 

< ct -^ j\j^ {x)W{l _ x{at))da 

Jr cr 

+ Ct -2X-i f \ C0S ( at ^ ( x y+i\ x >( a t)\tda 
Jr cr 



.00 I I 
2A / |C0SCr| 



<Ct 

<cr 2X {x} x+1 



1/2 cr 2 





cos cr 1 


Jl/2 


(J 



Thus 



x . 



I / sin^^iW^-Ai^'.^^-AO^^)^^,^^)^! <Cr 2X {x) x+2 {x'). 
Jr 

Note that F(x,x',a) = F(x',x,a), so 

I / sm(ta)A 01 (a)^^ 1 (x,a) ( f ) ^ jXfi (x',a)F(x,x',a)da\ < Ct~ 2X (x') x+2 (. 
Jr 

Hence 

IJ22I <Cr 2A (rr) A+2 (rr') A+2 . 
Using the same method, we have 

J2\J 2i \<Cr 2X (x) 2X (x') 2X . 



i=3 



Now we analyze J21. Note that 

J 2 i = / sm(at)A 00 ((r)<f)_ xl (x,a)<j)_ xl (x',a)F(x,x',a)da 

Jr 

sin(crt)— 0_ a v)4>- a cr)F(x, x', a)da 
a ' ' 

+ / sm(at)(A 00 (cr) + -)(f)- X ,i(x,cr)<f)-,\,i{x',a)F(x,x',(T)d(j 

Jr & 
— J 2 1 + ^21- 

Using the analysis similar to that for J 12 and J22, we have 

I J 21 \ < cr 2X (x) 2X (x') 2X . 

Let 

Eij = / (j> \ t i(x)gi(x, a)4>- t ^x(x')gj(x',a)F(x,x',a)da 

Jr 

where 

r 1, if i = 0, 

[ ft_,A,i(a;,<7), if i = l. 

Then J21 = -J2i,j=a E ij- 

Since J °° ^f-dx = f and x', 0) = 0, we have 

f sinicft) 

E 00 - 7r0_,A,i(a;)0-,A,i(a/) = / i-x,i(x)$-x,i(a/){F(x, x', a) - l)da 

Jr 

sin(crt)0_ j A,i(x)0_ i A,i(2; / ) / dsF(x,x',9a)d9da. 







If |er| > 1, then it follows from the definition of F(x, x', a) that 

1 pra/W\ 

d k F(x, x', 9a)d9\ = | / %F(x, x' , 9a)d9\ < Ca~ 1 {(x) k + (x') k ). 



Integrating by parts k times for (18.91) gives 

l^oo - vr0-,A,i(^)0-,A,i(x , )| < Ct-\(x) k+l + (x') fc+1 ) 

for any k G N , where the boundary terms vanish due to f 1 8 . 1 j) . 

We are now in a position to estimate E m . Note that h- t \ t i(x, 0) = 0, so 

h-,\ > x{x u x 2 ^ f g 2 ^_ r Xi x \^0 

X2 Jo 

Thus 

Eqi = / sin(at)0_ ) A,i(x)0_ i A,i(x / )-F(x, x ' ■> cr ) / (hh-,\,x{ x ' ■> 9a)d9do. 



3(> 



Let (jJs(x, x', a) = F(x,x',a) d2h- > x,i(x', 6a)d6. Obviously, for \a\ > a > s(x,x'), 
F(x, x', a) = 0, thus d%u> 3 (x, x', a) = for k G N and x, x' G M. Therefore, 

/ sm(at)us(x, x' , a)da = t~ 2X I sm(at)dl x u-i(x, x' , a)da 
Jr Jr 

=r 2A [ sm(at)F(x,x',a) [ d 2X+1 h_ xl (x' ,6a)6 2X d9x(crt)da 
Jr Jo 

+ T 2X [ sin(at)F(x,x»[ f d 2X+1 h-, x ,i{x' , 6a)d 2X dd](l - x(<rt))da 
Jr Jo 

r 2A-1 „i 

+ r 2A / sin(ot) J2 o^ x - k F(x, x', a) / d k+1 h_ xi (x' ,9a)9 k d9da 
Jr k=0 Jo 

3 

=5> 



First, using Lemma [6761 and (18.41) gives 

s(x,x') 2A-1 



|5 3 | <Cr 2X I J2((x) 2X ~ k + (x') 2X - k )(x') k+1 da 

J-s(x,x') 



'-s(x,x') k=Q 

<cr 2X (x} 2X+1 (x'} 2X+1 



It follows from flCTD that 



Then 



\d 2 2 x+l h. xl (x',ea)\<Cj^(x') 2X . 



\Si\ < I t- 2X {x') 2X ^^ X {at)da <r 2X {x') 2X [ \^p- x (a)da 

\(j\ ./in 0" 



<cr 2X (x') 2X . 

Since x',cr)(l — x(°"t)) — f° r \ a \ — 1/ (2t) or |er| > cr , integrating by parts yeilds 

\S 2 \ <r 2A_1 | / cos{at)d a F(x,x',a)[[ d 2X+1 h_ A1 (x' , 9a)9 2X d9](l - x{<^))M 
Jr Jo 

+ t' 2X - 1 \ [ cos{at)F{x,x',a)[ [ d 2X+2 h_ xl {x' , 9a)9 2X+1 d9}(\ - x{°t))da\ 
Jr Jo 

+ t~ 2A ~ 1 | f cos{at)F(x,x',a)[[ d 2X+1 h^ xl (x',6a)6 2X d9]x'(crt)tdc7\ 
Jr Jo 



8=1 
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Now 



IS.il <Cr^ I" + (x'))(x') 2 \l - X (at))da 

Jt/2 a 

=Cr^ r + (x'))(xy\l - X (v))da 

Jl/2 ° 

<Ct- 2A - 1 lnt((x) + (x'))(x') 2X < Cr 2X (x) 2X+1 (x') 2X+1 . 



Next, 



Finally, 



Jr t a 
<Ct- 2X (x') 2X r —da<Cr 2X {x') 2X . 

Jl/2 ° 

S23 <r 2X -\x') 2X [ l -^^\ X '(vt)\tda 
Jr 

<cr 2X (x') 2X C \^l\ x \a)\da<Cr 2X {x') 2X . 

Jl/2 



Therefore 



l&l <cr 2X (x') 2X+1 (x') 2X+1 . 

Summing the estimates for £, (i=l, 2, 3) together, we have 

\E 01 \ = I / sm(at)4>^ x>1 (x)4>^ Xtl (x')cj 3 (x,x',a)da\ < Cr 2X (x) 2X+1 (x') 2X+1 
Jr 

Similarly, we can prove that 

\E 10 \ + \E u \<Cr 2X (x) 2X+1 (x') 2X+1 
Combining all estimates together finishes the proof of Lemma 18.31 □ 

In order to deal with the Green's function that involves (x', a) for x' > and fx(x, a) 
for x < we have to estimate the reflection and transmission coefficients a(cr) and 6(a) 
defined in (15. lip . It follows from (I5.13P that 

b(a) i 



W(f x J+)(a) 2a 
The following proposition provides the estimate for a(a). 

Proposition 8.4. For \a\ < a , we have 



(8.11) 



W(f^,m(a) 2a 
where the Oc — term is of symbol type. 



( ' (a) -i(i + 0c (O), (8.12) 
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Proof: It follows from (15. lip that 

W{^,Jt){a) = -2iaa{a). 

Therefore, 



a cr 



From Lemmas 17.11 and 17.21 we conclude that 



and 



Thus 



5 



.13) 
.14) 



^(/7,/, + )(-)-- 1 + 0c(c7£) - 

Then estimate (I8.12p is a consequence of (18.131) and (I8.15p . 



.15) 
□ 



Lemma 8.5. Let F 2 (x, x',a) = Xa {( T )X5{ <JX ){^ ~~ Xs{ ax ')) an d I > 1- Then we have 
f^(x',a)f£(x,a) 



a cos(ta) 



-F 2 (x, x' , a)da 



< C(t)- l {x) l+x (x') l+x 



and 



sin(ta) JxK '— '_ Jx \ ' ; F 2 (:r, a/, trjdtr 



< C(t)- m (x)' +A (xV +A 



8.16) 



(8.17) 



Proof: First, if x' = 0, then ^(x, x', a) = 0. Thus estimates (I8.16P and (I8.17P are trivial. 

Second, let x E M, x' < 0, \a\ < cr , \ax\ < 5 and \ax'\ > |. Obviously, we have 

\d k a F 2 (x,x',a)\<C((x) k + (x') k ). 
For in (153)1 . it follows from dHUJ) that 

r+(x, a) = e^-c+^a)^,^, a) + cJ o (a)0_ )A ,i(x, a)). 
It follows from Lemmas 16.51 and 17.11 that 

\d k a (cli(^Ao(x,a))\ < C(x) x+1 \a\ x - k < C\a\~ k {x) 

and 

\d k AcU^-Xi( x ^))\<C\a\- x - k , 

which implies 

\d k F+(x,a)\ < C\a\- x - k for \x\ < da^ 1 and fceN. (8.18) 



:s<) 



Using Lemma |5.3[ we have 



\d k a T x (x',a)\<C k forx / <--|a- 1 |. 



(8.19) 



Define 



u 4 (x, x', a) = a Tx ^^ x ^ a " > F 2 {x, x' , a). (8.20) 



Then using H" 1 < (a/), fl8TT4j) . (18~TB1 . and fl8~19j) yields 

|^ 4 foa;>)l<cv> fc - 

If \t + x — x'| > |t, we integrate by parts /-times to obtain 



iu{±t+x—x') 



CU^X, X , 0")<i<T 



<C'|±t + x-ar'|- t (z)'(x / ) l <C'(t)- t (a;)'(ar') 1 , (8.21) 



where we used the fact u^x, x', a) = for \a\ < ^pj. H \ ± t + x — x'\ < |i, we have 
(x)~ l (x')~ l < C(t)~ l as t — > oo and thus 

>(±*+^') a ; 4 ( ;r)X ' )(7 )rf (T 



(8.22) 



Therefore, we obtain (" 18 . 1 6[) for x' < 0. 

Finally, let x E R, x' > 0, |a| < cr , |erx| < 5 and |<7x'| > f . Using (15. 1 ip and (I8.ip . we 
can represent T^(x',a) as 



r-(x', a) = a(a)e 2i ™ r+(x', a) + 6(a)r+(x', a). 
Then co> 4 (x, x', a) defined in (I8.20p becomes 



(8.23) 



w 4 (x, x', a) =<J 



{a(a)e 2 ^'r+(x>, a) + b(a)r+(x>, <r))T${x, a) 



F 2 (x,x',a). (8.24) 



Furthermore, since |a| is small, it follows from Lemma [6.101 that 

r+(x» = e - icTX '<f X (ax',a) = e~ 1 ^ ' (3 X V^> J H x+1/2 (ax'){l + i)x(ax',a)) 

and 

\d%(ax',a)\ <C(x')K (8.25) 

This implies that 



|^r+(x, a)| < C(x') fc for x > -a" 1 and for all k G N. 



(8.26) 



The estimates ( IHTTj) . fl8TT2|) . f l8T8|) . and f l8T26|) yield 

|<9*u; 4 (x,x»| < C(x') k+X . (8.27) 
Therefore, as the proof for (KT2B and fl8T22|) for x' < 0, we get (KTTSj) for x' > 0. 



40 



For the sine evolution, note that there will be no a factor in U4, therefore, we can 
integrate by part / — 1 times, which gives the decay t~ l+1 in ( I8.17p . 



□ 



Similarly, we have the following estimate, whose proof is similar to that for Lemma [831 
or that in [131 Lemmas 8.3, 8.6, 8.7]. 



Lemma 8.6. Let I e No. Then the following estimates hold: 



^cos(ta) A ^ Xa {o-)(i - X5[xo-))da 



<C(t)- l (x) l (x') 1 



and 



sm(ta) w A Xa {o-)(1 - Xs(xa))do- 



< C(t)- l+1 (x) l (x'y 



8.3. Oscillatory Integral Estimates for Large Energies. In the case of a > a , there 
will be no singularity in Green's function G_ 5 a by Lemma [5.41 Using Lemma [5.2[ similar 
to [121 Proposition 9.1 and Corollary 9.2], we have the following two estimates. 

Proposition 8.7. Let I G N and <Jo > sufficiently small. Then we have the estimates 



sup 




ae ±iiCT G_, A (x,x , ,a)(l - x* (<r)){ x ) \ x ) w(x')dx'da 



<C(t)- 1 / (\w'(x')\ + \w(x')\)dx' 



and 



sup 




e ±ita G^, x (x,x',o-)(l - Xa (o-))(x}- a (x')- a w(x')dx'da 
<C(t)- a I Mo/) |da/ 



for all t > and any w G =5^(1 
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8.4. Proof of Theorem [TH. Note that 
2 f°° f 

— / a cos(ta)lm[G- \(x,x' ,a)]u- x{x')dx'da 
71 Jo Jr 

=— / / a cos(ta)Im[G- : \(x, a)]u- t \{x')dx' da 
71 Jr Jr 



7T 




a cos(tcr)Im[G'_ i A(a;, x , a)]v,-\{x') F(x, x' , a) + F 2 (x, x', a) 



+ Xa ((r)(l - Xs{<rx)) + (1 - X* (v)) 



dx da 



Lemma 18.21 implies that 



|/i(t,x)|<cr 2A (x> iU |K.> 2A u_^(.)||Li. 



Furthermore, Lemma [8.51 gives 



\h\<Ct- 2X (x) 3X \\(-) 3X u^ x (-)\\ L1 . 



It follows from Lemma 18.61 and Proposition 18.71 that 

\h\ + \h\ < cr 2X (xr\\\(-) 2X u-, x (-)\\^ + ll(-) 2A < A (-)|U0- 

Combining the estimates for Jj (i = 1, • • • , 4), we have 



(x) 



-3A 



* -10 

<Cr 2M U/ \3\ 



2 '- x 

71 ./,-, 




a cos(tcr)Im[G_ i A(x, x', a)]u- t \(x')dx' 'da 

^aOII^ + IIO'V^-)!!^). 

Similar to the cosine integral, we have 

sin(t<r)Im[G_ i A(a;, x', a)]v^ t \(x')dx'da 

— [ I sin(ta)Im[G^ t \(x,x' ,a)]v_ \(x')dx'da 
71 JrJr 




71 




sxn(ta)Im[G- t \(x, x', a)]v- t \(x') F(x, x', a) + F 2 (x, x' , a) 



(8.28) 



+ X<7o( CT )( 1 - Xs(crx)) + (1 - X CT0 O)) 



dx' da 



i=l 
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Lemma [8.31 implies that 

S 1 + D4>^ 1 (x)\ < Cr 2A (a;} 2A+1 ||^ )A (.)(-} 2A+1 |Ui, 

where D = J R <j)_^ i i(x')v^ : \{x')dx' . It follows from Lemmas I8.5[ I8.6[ and Proposition 18.71 
that 

\S 2 + S 3 + S 4 \ < Cr 2A (a:)- 3A - 1 ||(.) 3A+1 T;_,A(OllLi. 
Combining the estimates for Ii (i — 1, • • • , 5), we have 
2 



(x) 



-3A-1 



7T 



poo p 

/ / sin(tcr)Im[G_ i A(^, x', cr)]v- : \(x')dx'da — D<fi-^i(x) 
Jo Jr 



(8.29) 



<ct- 2A ||(-) 3A+1 ^_ A (- 



L 1 ■ 



The estimates (18728]) and (18729]) prove estimate (031) . 

This finishes the proof of Theorem 11.31 □ 

Appendix A. Volterra Integral Equations 

In this appendix, we state three useful lemmas on the existence and estimates for 
solutions of Volterra integral equations. This first one concerns existence and L°° estimate. 
Its proof can be found in [11] . 

Lemma A.l. Let g £ L°°(a,b). Suppose the integral kernel K satisfies 

f b 

\i = / sup \K(x, y)\dy < oo. 

J a xE(a,y) 

Then the Volterra integral equation 

f(x)=g(x) + I K(x,y)f(y)dy (A.l) 



has a unique solution satisfying 

\\f\\L°°(a,b) < e M ||g||L°°(a,b)- 

Similarly, suppose that 



v 



/ sup \K(x, y)\dy < oo. 

Ja xG(y,b) 



x 



Then the Volterra equation 

f(x) = g(x) + I K(x,y)f(y)dy 
has a unique solution satisfying 
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Finally, we have the following two lemmas on the derivatives of solutions for Volterra 
integral equations. The proofs can be found in 



Lemma A. 2. If, in addition to the assumptions of Lemma \A.1[ g G C°°(a,b) and the 
kernel K is smooth in both variables on (a, b) and satisfies 

\d k K(x,y)\dy < oo 



for any x > a and all k G N then the solution f is smooth on (a, b) . Furthermore, the 
derivatives of f in (lA.lj) can be calculated by formal differentiation, i.e., 

f< k \x) = g^(x) - >>,/r : j \x) + f d k x K(x,y)f(y)dy 

where Kj(x) = d x K(x,y)\ y=x . 

Lemma A. 3. Let I C R be open and suppose 

sup \d™K{x, y, o~)\dy < oo 



'a x£(a,y) 

as well as d™g(-, a) G L°°(a, b) for all m G No and a G I. Then the Volterra equation 

f(x,a) = g(x,a) + K(x,y,a)f(y,a)dy 

J X 

has a unique solution f(x, a) for all x > a and a £ I which is smooth in a. Furthermore, 
we have <9™/(-,cr) G L°°(a,b) for all m G N and the derivatives are given by 

d?f{x, a) = d™g(x, a) + £ ^. J J ^K(x, y, a)d^f(y, cr)dy. 
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